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MATHEMATICAL MODEL FOR MEASURING THE CONCENTRATION OF
NANOPARTICLES IN A LIQUID DURING SEDIMENTATION
Abstract
Expanding the application areas of polymer composite materials with dispersed filler requires the
development of technologies providing the required mechanical characteristics. One of these methods is
based on forming a thin polymer shell on the surfaces of particles. At the same time, it is impossible to
take into account the mechanical characteristics of a thin polymer shell due to its ultra-small thickness.
The mechanical properties of the polymer shell can be determined only by indirect methods, and prior
information can improve the adequacy of the properties determination. The method, which allows
reducing the requirements for composite sample preparation, is proposed. This method is based on the
sedimentation approach. It is suggested to evaluate the sedimentation time (or velocity) by measuring
the optical density of the solution, consisting of nanoparticles and polymer macromolecules. The
nanoparticle and polymer macromolecules parameters are defined using sedimentation time. The
mathematical model for simulation of the photo sedimentation velocity of particles in a solvent is
developed. The model considers the sedimentation process under the influence of gravity, hydrostatic lift,
and drag forces. The model takes into account also the influence of the Brownian motion of the solvent
on the particle movements based on elastic collision as well as the effect of the inelastic collision of
particles with each other. The particle concentration is estimated based on beam light scattering
modeling. The results of the mathematical model investigation and the experimental results confirm the
feasibility of the proposed method. The results and estimations allow both to determine the
sedimentation time and to formulate the method requirements for measuring particles of various sizes
and densities. The proposed approach can be used to create equipment for nanoparticle parameters
(mass, density) measuring.
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1. Introduction
Expanding the application areas of polymer composite materials with dispersed filler requires the
development of technologies providing the required
mechanical characteristics. The various kinds of fibers
as a filler, such as nanofibers [1] and microfibers,
single-wall carbon nanotubes [2], multi-wall carbon
fiber [3], single carbon black [4], carbon nanotubes
[5,6] are being studied. The research of mathematical
models of such materials makes it possible to formulate requirements for the particles of polymer and filler
[7,8]. However, investigating the mathematical models
using numerical methods, requires information about
the mechanical properties of each of the composition
components [9,10]. It should be noted that the mechanical properties of the entire polymer composition
are determined not only by the mechanical properties
of each component but also by the degree of interaction of the nanoparticles with the polymer matrix [11].
To improve this interaction, the surface of the particles
is modified by various methods [12,13]. One of these
methods is based on forming a thin polymer shell on
the surfaces of particles [12]. At the same time, it is
impossible to take into account the mechanical characteristics of a thin polymer shell when a mathematical model of composite is studied. This is due to the
fact that a typical thickness of the polymer shell is
about 10e100 nm, so it is impossible to measure its
mechanical properties directly. The mechanical properties of the polymer shell can be determined only by
indirect methods, the main of which is the solution of
the inverse task of mechanics of polymer. A wide
range of properties of polymer composite materials,
measurement errors, limitations, and assumptions of
mathematical models do not allow ensuring the adequacy and uniqueness of the solution of inverse tasks
in this case [14]. Even any a priori information can
improve the adequacy of the solution and reduce the
range of the solutions of the inverse tasks. For
example, it is possible to estimate the mechanical
properties of a polymer shell on the surfaces of particles knowing the molecular weight of the polymer
and its density.
Currently, there are many proven methods for
measuring the molecular weight of a polymer. So, in
the works [15e17] the main methods for measuring the
molecular weight of a polymer in a wide dynamic
range are discussed in detail. However, the use of these

methods requires the separation of nanoparticles and
polymer molecules. This separation can be realized in
solutions using polymer shell solvent. Moreover, it can
be done either before the experiment, for example, in
centrifuges [18,19], or during the experiment, for
example, using the sedimentation methods [20,21].
The method, which allows reducing the requirements for composite sample preparation, is proposed in this work. It is suggested to control the
sedimentation velocity by measuring the change in the
optical density of the solution, consisting of two types
of particles (nanoparticles and polymer macromolecules). It is possible to estimate some mechanical
characteristics of the polymer, for example, the
modulus of elasticity, Poisson's ratio from the known
values of the molecular weight and packing density of
polymer molecules [22,23]. The mathematical model
for approximation of the photo sedimentation velocity
of two types of particles is proposed. The assessment
of the adequacy of the model is evaluated by
comparing the simulation results with the experimental
data.
2. Task formulation
The measurement system consists of a quartz
container with a solvent, Fig. 1,a. The filler particles
(aluminum oxide) coated with polymer fibers are
placed in the solvent (ethyl acetate) and shaken. The
particles of filler and polymer macromolecules are
separated in a solvent. The particles begin to sediment
only under the influence of gravity. It is assumed that
the depositing nanoparticles of both the filler and the
shell are electrically neutral. Therefore, the forces of
electrostatic interaction can be neglected. The measurement of a particle's concentration is based on the
analysis of Rayleigh scattering.
The laser ray is beamed at the face of the quartz
container, and a photodetector is installed at the other
end. The output current of the photodetector is
inversely proportional to the concentration of the particles. Over time, the particles are sedimented, and the
total light transmitted through the container is changed.
Basing on the light beam intensity change, it is
possible to make a conclusion about the current concentration of the particles in the liquid [12,24]. The
task is to simulate the change of the optical power of
the light beam passing through the quartz container
during the sedimentation of the particles.
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Fig. 1. The measurement system scheme (а); the forces acting on the particle in a liquid (б): G is the gravity force, A is the Archimedes force, R is
liquid resistance force, D is the diameter of the particle.

area, m is dynamic viscosity coefficient of a liquid. The
cross-sectional area for a spherical particle with diameter Di is:

3. Mathematical model
3.1. The equation of motion of a particle
The motion of a particle in a liquid under the
gravity, hydrostatic lift, and liquid resistance forces is
described by the equation:
dWi
Mi
¼ Gi  Ai  Ri ;
ð1Þ
dT
where Ai e Archimedes, Gi e gravity, Ri e liquid
resistance are forces vectors, Wi is velocity vector, Mi is
a mass of a particle, and T is time; the subscript index
“i” indicates an individual particle.
The gravity force is:
Gi ¼ Mi g;

ð2Þ

where g is the vector of gravitational constant.
The force of Archimedes is directed in the opposite
direction to the gravity vector and is equal to the
weight of a liquid displaced by a particle:
p
Ai ¼  Vi rg ¼  D3i rg;
ð3Þ
6
where Vi is volume, Di is diameter of a particle, and r is
density of liquid.
The liquid resistance force is directed against the
particle velocity. It depends on the square of the particle velocity, the liquid density, the particle crosssectional area, and the Reynolds number (Re). The
latter is determined by the particle velocity and the
viscosity of the liquid:
Ri ¼  xðReÞ
Re ¼

Wi D i r
m

rWi2
24
and
Si ; where xðReÞ ¼
Re
2

ð4Þ

where x(Re) is dimensionless coefficient depending on
Re for low-speed motions, Si is particle cross-sectional

Si ¼ p

D2i
:
4

ð5Þ

Therefore, the liquid resistance force can be written
as:
Ri ¼ 

24 rWi2
24m rWi2 D2i
Si ¼ 
p ¼ 3mpDi Wi :
Re 2
Wi Di r 2
4
ð6Þ

It should be noted, that the hydrodynamic radius of
the particle is used in Equations (1)e(6) to take into
account interfacial tension indirectly.
Particles can be acted upon not only by gravity, but
also by Brownian (thermal) motion of liquid molecules
[25,26]. The velocity of Brownian motion depends
only on the ambient temperature. Let us define the
temperature near the particle as the linearly varying
temperature between the upper and lower boundaries
of the container:
Ki ¼ KT þ

ðKB  KT Þ
zi ;
H

ð7Þ

where KT is a top and KB is a bottom surface
temperature.
3.2. The model of Brownian influence
The model of elastic collision of a particle with
mass mi and velocity wi with a molecule of a liquid
with the average mass m and the average velocity w
can be described as:
wBi ¼

wi ðmi  mÞ þ 2mw
:
mi þ m

ð8Þ

The average kinetic energy of a molecule of a liquid is
related to the Avogadro number NA by the relations [27]:
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mw2
3 RK
MO
and m ¼
; NA ¼
E¼
2 E
2
NA

ð9Þ

where K is a temperature and E is an average kinetic
energy of molecules of a liquid, MO is a molar mass of a
liquid. The velocity taken by a particle under the
Brownian motion of a liquid is:


pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðNA mi MO Þwi þ2 3<MO , rndð1Þ 12
; ð10Þ
wBi ¼
NA mi þMO
where < is universal gas constant. The factor (rnd(1) e
1/2) was added in (10) to introduce a random character
of Brownian collisions. The whole Brownian velocity is:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðNA mi  MO Þwi þ 2 3<MO
BW
wi ¼
;
ð11Þ
NA mi þ MO

wBH
i ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
B 2
ðwBW
i Þ  ðwi Þ :

ð15Þ

If the probability of collision pij is greater than
arbitrary random value, we assume that collision takes
place.
The inelastic collision assumes that particles stick
together. Let us assume that after collision the i-th
particle obtains a new mass, velocity, and diameter,
and j-th particle disappears. Thus, the i-th particle with
a new mass appears:
b i ¼ mi þ mj :
m

ð16Þ

New velocity, diameter, and coordinate can be
calculated by:
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mi wi þ mj wj b q
zi þ zj
bi ¼
:
; d i ¼ 3 di3 þ dj3 ; and b
w
zi ¼
mi þ mj
2
ð17Þ

3.3. The model of light obscured by particles
Denoting the height of the quartz container as H, we
describe the laser beam passing through the container
as a round cylinder of radius R located at a height of h.
Then the total light flux obscured by the particles can
be described as:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ﬃ

NX
1 þN2
pdi2
zi  h
SðtÞ ¼ c
;
1
ð12Þ
R
4
i¼1
where h  R < zi < h þ R
where di is a diameter, zi is coordinate of a particle, c is
aspect ratio.
3.4. The model of particle collisions
When two particles with coordinates zi and zj and
velocities wi and wj are close to each other, there is a
nonzero chance to their inelastic collision. The condition of collision can be written as:


wi þ wj , Dt  di þ dj :
ð13Þ
The probability of collision can be calculated as the
relation of areas:
 BH 2  BH 2
þ wj
p wi
;
ð14Þ
pij ¼
4
SH
where SH is an area of horizontal surface of the
container, and wBH
is the velocity of a particle in horii
zontal plane, which can be calculated as:

New mass, velocity, diameter and coordinate for j-th
particle are equal to zero.
4. Equations of particles motion in dimensionless
form
The equation of motion of the particle (1), after
substituting (2), (3) and (6) into it, takes the form:
dWi
p
Mi
¼ Mi g  D3i rg  3mpDi Wi
ð18Þ
6
dT
Let us transform equation (18) into dimensionless
form using characteristic parameters of the task,
namely: characteristic size (L0), mass (M0), time (T0),
and temperature (K0). The absolute values of characteristic parameters of the task can be selected from the
values of the physical quantities of the task. Let us
introduce the dimensionless variables: w e velocity, m
e mass, d e diameter and t e time. The dependencies
between dimensional and dimensionless variables will
be written as:
Wi ¼

dZi dðL0  zi Þ L0
¼
¼  wi
dT dðT0  tÞ T0

D i ¼ L0  d i

;

ð19Þ

Mi ¼ M0  mi
T ¼ T0  t
The final dimensionless equation takes the form:
M0 L0 d
p
L2
mi wi ¼ M0 mi g  L30 di3 rg  3pm 0 di wi ;
2
dt
6
T0
T0

ð20Þ
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or, introducing the notation for dimensionless
complexes:
 2

T0 p L20 T02 di3
L0 T0 di
Gi ¼

r g; Ri ¼ 3pm
; ð21Þ
L0 6 M0 mi
M0 m i
the final form of the equation of motion of a particle
in a liquid is obtained as:
dwi
¼ G i  Ri w i ;
ð22Þ
dt
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calculating the dimensionless equation coefficients for
each particle from (21).
5.2. Finite-difference scheme
The equation (22) in finite-difference form is:

 

¼ð1qÞ Gi þRi wni þq Gi þRi winþ1 ; ð25Þ
Dt

wnþ1
wni
i

5. Initial conditions, finite difference scheme and
calculation algorithm

where q 2 [0, 1] is a finite-difference scheme parameter [25].
The finite-difference relation allows calculating the
velocity of a particle in the next moment of time:

5.1. Initial conditions

wnþ1
¼
i

Let us consider two types of particles in a liquid,
namely filler and polymer macromolecules. Each type
of particles has own normal distribution of masses,
diameters and densities. All particles are distributed in
the liquid at the initial time uniformly and with zero
velocities. Let us denote the number of particles of the
first and second types as N1 and N2. The total number
of particles is N ¼ N1 þ N2.
Let us consider the distribution function:


fGauss favg ; fdisp ¼ favg
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ fdisp , 2,lnðrndð1ÞÞ,cosð2p , rndð1ÞÞ;
ð23Þ
where favg is a mean, fdisp is a dispersion, and rnd(1) is
random value generator in the range [0, 1].
Let us enumerate all particles so that the first N1
particles are particles of the filler e the first type
particles, and the next N2 particles are particles of the
polymer macromolecules e the second type particles.
The particle size and density distribution are described
as:

di ¼

fGauss ðdT1 ; sdT1 Þ;
r¼
fGauss ðdT2 ; sdT2 Þ; i

ð26Þ

Equation (26) also allows determining the coordinate of the particle using similar finite-difference
relations.
5.3. Calculation algorithm
The computational algorithm was implemented
based on the well-known finite element method [28].
The use of this method for calculating the sedimentation rate is discussed in detail in the works [29,30].
On the basis of a mathematical model, a computer
program was written. The program works according to
the following algorithm. In the beginning, all the parameters of the task are set at the initial conditions.
After that, the computational cycle of time integration
is started. At the first step, the velocities and coordinates of all particles are calculated according to the
individual of motion, which describes the motion of a
particle without interactions and influence of thermal
motion of a liquid (26). At the second step, taking into
consideration the influence of the Brownian (thermal)
motion of a liquid, the recalculation of the particle

fGauss ðrT1 ; srT1 Þ; 1  i  N1
;
fGauss ðrT2 ; srT2 Þ; N1 < i  N1 þ N2

where dT1 and dT2 are average diameters of particles,
sdT1 and sdT2 are dispersions of diameters, rdT1 and
rdT2 are average densities of particles, srT1 and srT2
are dispersions of densities. Knowing the diameters of
the particles, we can determine their masses. It allows

ð1 þ ð1  qÞDtRi Þwni þ DtGi
;
ð1  qDtRi Þ

ð24Þ

velocities is fulfilled. At the third step, the collisions of
the particles are calculated taking into consideration
that one particle can have only one collision with the
other one on each integration step. At the final step, the
concentration of particles in the laser beam area is
calculated.
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6. Calculation results and verification
The numerical calculation is carried out for the
sedimentation of two types of particles e aluminum
oxide and polymer macromolecules in ethyl acetate.
The density of ethyl acetate is rT1 ¼ 902 kg/m3, its
viscosity is m ¼ 0.40016  103 Pa,s. The density of
the first type particles (heavy, aluminum oxide Al2O3)
is rT1 ¼ 7987 kg/m3. The density of the second type
particles (light, polymer macromolecules) is
rT1 ¼ 3000 kg/m3. The basic size of the first type
particles is dT1 ¼ 0.25  106 m, and of the second
type particles is dT1 ¼ 0.125  106 m. The number of
the first type particles is taken equal to 1000, and of the
second type particles is 10,000.
The estimation results of maximum velocities of the
particles are presented in Fig. 2. The dependence of the
maximum sedimentation velocity of particles with a
diameter of 250 nm is shown by the red line, and for
the particles with a diameter of 125 nm is shown by the
blue line.
Obviously, if the density of a particle coincides with
the density of the liquid, the velocity of sedimentation
is equal to zero. With an increase of the density of
particles, their mass increases also, it leads to an
increasing sedimentation velocity. The limitation of the
maximum sedimentation velocity is caused by the
liquid resistance forces, which depend on the square of
the particle diameter, but the mass of the particle depends on the cube of the diameter, which means that
larger particles settle faster than smaller ones.
The normal (Gaussian) distribution of particle sizes
and densities is taken into account. For particles of the

filler (Al2O3), the dispersion of the diameters distribution is chosen equal to 1.5  102, the dispersion of the
density is chosen equal to 4.0  102. For the polymer
macromolecules, the dispersion of the diameter distribution is chosen equal to 3.0  102, and the dispersion
of the density distribution is chosen equal to
2.0  102. The temperature of the cuvette boundaries
is considered constant and equal to 300 K. The diameter of the particle concentration control window is
0.01 m; the control window is located in the middle of
the cuvette horizontally and at a height of 0.035 m from
the lower boundary. The effect of Brownian motion of
liquid molecules on the velocity and movement of the
deposited particles is taken into account on the basis of
the elastic collision model. The speed of Brownian
motion of liquid molecules is calculated, while the
molar mass of ethyl acetate is taken to be
18.0  103 kg/mol. Only the model of inelastic collisions of particles with each other is taken into account, in which the particles stick together completely,
forming a new particle with a new mass and velocity.
The results of the calculation of total light obscured
by particles via Rayleigh scattering in the area of the
laser beam are shown in Fig. 3 by red, blue and violet
lines. The derivative of light intensity changing is
shown by pink line in Fig. 3. As can be seen from the
concentration dependences in Fig. 3, with the start of
the process, the sedimentation of heavy particles occurs initially and very quickly, after which the sedimentation of light particles of the second type occurs.
We carried out the series of experiments on the sedimentation of polymer-coated particles of aluminum
oxide in ethyl acetate.

Fig. 2. The dependence of the sedimentation velocity of particles on their density and diameter: (red line is used for the particles with a diameter
of 250 nm, and blue line is used for the particles with a diameter of 125 nm).
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Fig. 3. Changing total light obscured by particles via Rayleigh scattering in the area of the laser beam versus time.

accuracy in this work. The obtained calculation results
provide an approximate range of mechanical properties
of the polymer shell of the encapsulated particles. This
is sufficient to reduce the number of solutions of the
polymer mechanics inverse task, and, thereby, to solve
the problem of uniqueness of its solution.
7. Conclusions

Fig. 4. The experimental setup.

The Fig. 4 shows the experimental setup photo. The
experimental data results in the above described conditions are shown in Fig. 3 by black line.
The good correlations between experimental and
modeling data can be observed by comparing data in
Fig. 3. The differences between experimental and
computing results explained by the limitations of the
mathematical model formalization, the possible particle agglomeration, and the experimental conditions.
However, we did not set the task of determining the
molecular weight of the polymer shell with high

The method for estimating the molecular weight of
the polymer macromolecules in shells on the surfaces
of nanoparticles is proposed. Unlike the traditional
methods for the measuring of polymer molecular
weight [31,16,32], the proposed method does not
require a separation of a solution into fractions containing separate nanoparticles and polymer macromolecules. It should be noted that the physical
feasibility of photo sedimentation for measuring the
molecular weight of polymers was substantiated in the
work of Debye in 1947 [16]. However, during measurements, it is required to ensure the constant temperature and the volume of solution. The investigation
of the mathematical model of the sedimentation of
nanoparticles of two types and the experimental results
confirm the feasibility of the proposed method. The
results and estimations allow us both to determine the
sedimentation time and to formulate the method requirements for measuring particles of various sizes and
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densities. The calculation results are in good correlation with the experimental data. It confirms the correctness of the choice of the mathematical model and
its numerical implementation. The proposed approach
can be used to create equipment for nanoparticle parameters (mass, density) measuring.
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